The skewness of a graph G is the minimum number of edges in G whose removal results in a planar graph. By appropriately introducing a weight to each edge of a graph, we determine, among other thing, the skewness of the generalized Petersen graph P (4k, k) for odd k ≥ 9. This provides an answer to the conjecture raised in [3] .
Drawings for the graphs Q 3 (k) and Q 4 (k) can be found in the papers [1] and [3] respectively. A drawing for the graph Q 5 (8) is depicted in Figure 1 . Throughout this paper, if G has skewness r, then we let R(G) denote a set of r edges in G whose removal results in a planar graph.
In [1] and [3] it was shown that µ(Q 3 (k)) = ⌈k/2⌉ + 1 and µ(Q 4 (k)) = k + 1 respectively. A more general result is now established by employing a proof technique that has not been used before.
Suppose G is a weighted graph and e is an edge of G with weight w(e). If H is any subgraph (proper or improper) of G, we let W (H) = e∈E(H) w(e) denote the weight of H. In particular, if G is a plane graph and F is an face of G, we let W (F ) = e∈E(F ) w(e) denote the weight of F in G.
Proof: Let e be an edge of Q s (k) and let
Hence, if J is a graph obtained from Q s (k) by deleting a set of t edges,
Let H denote a planar graph obtained from Q s (k) by deleting a set of t ′ = µ(Q s (k)) edges. Then the number of faces in H is sk − k − t ′ + 2. It is easy to see that W (F ) ≥ 4k − 4 for any face F in H. Since each edge is contained in 2 faces, we have the following inequality
which gives t ′ ≥ (s − 2)k/2 + 1. This proves the lower bound.
To prove the upper bound, we show the existence of a spanning planar subgraph H s (k) obtained by deleting a set of ⌈(s − 2)k/2⌉ + 1 edges from Q s (k).
Figures 2, 3 and 4 depicts three drawings of H s (k) according to the parities on s and k. When k is even, the set of edges that have been deleted from Q s (k) is given by (2i − 1)(2i), i = k/2, k/2 + 1, . . . , k/2 + k(s − 2)/2 (see Figure 2 ). Note also that if the 9 thick edges in the graph Q 5 (8) (as depicted in Figure 1 ) are deleted, we obtain the graph H 5 (8).
When k is odd, the set of edges that have been deleted from Figures 3 and 4) .
This completes the proof.
Proof: The upper bound µ(P (4k, k)) ≤ k+2 for odd k ≥ 5 was established in [3] . Hence we just need to show that µ(P (4k, k)) ≥ k + 2 for odd k ≥ 9.
First we shall show that µ(P (4k, k)) ≥ k + 1 if k ≥ 9 is odd. The proof presented here employed a new technique (which involves assigning appropriate weights to its edges) and hence is different from the one given in [3] .
Let e be an edge of P (4k, k) and let
. Moreover, it is easy to see that, for any cycle C in P (4k, k), W (C) ≥ 8k − 8 and that equality holds if and only if C is any of the following types.
Let H denote a planar graph obtained by deleting a set of t = µ(P (4k, k))
From Euler's formula for plane graph, we see that the number of faces in H is 4k − t + 2. Since each edge is contained in only 2 faces, we have the following inequality 2(4k(3k − 1) − 4t) ≥ (4k − t + 2)(8k − 8) which gives t ≥ k + 1. Now suppose µ(P (4k, k)) = k +1. The fact that equality is tight implies the following.
(a) Only faces of the types (i) to (iv) are found in the planar graph H. (b) The tight equality 4k(3k − 1) − 4t implies that R(P (4k, k)) consists of edges of the form u i u i+1 . (c) Since P (4k, k) is a 3-regular graph, removing any two adjacent edges yields a pendant vertex, resulting in W (F ) > 8k−8. Hence we conclude that R(P (4k, k)) consists of only independent edges of the form u i u i+1 . Now for any edge e of P (4k, k), let
for i = 0, 1, . . . , n − 1. We note that, if F is a face of H, then W ′ (F ) = e∈E(F ) w ′ (e) is equal to 4 if F is of type (i) and W ′ (F ) is equal to 8 if F is of type (ii), (iii) or (iv).
Let x be the number of faces of type (i) in H and let F H denote the set of all faces in H. Then F ∈FH W ′ (F ) = 4x + 8(3k + 1 − x). Since R (P (4k, k) ) consists of only independent edges of the form u i u i+1 , we see that W ′ (H) = 12k. As such, we have
which gives x = 2. Now let the two faces of type (i) be
Let A = {y + 1, y + 2, . . . , y + k − 1} ∩ {z + 1, z + 2, . . . , y + k − 1}. We assert that A = ∅.
Call a vertex u i of P (4k, k) a good vertex if all edges incident to it are not in R(P (4k, k)); otherwise it is called a bad vertex. Since R (P (4k, k) ) consists of independent edges of the form u i u i+1 , the number of bad vertices is 2µ (P (4k, k) ).
Since y + 1, y + 2, . . . , y + k − 1, z + 1, z + 2, . . . , y + k − 1 are distinct, and since F 1 and F 2 share at most one common edge (of the form u u v i ) in the planar graph H, the number of good vertices in H is at least 2k − 2 (given by the distinct vertices u y+1 , u y+2 , . . . , u y+k−1 , u z+1 , u z+2 , . . . , u z+k−1 ) and at most 2k − 1 (if F 1 and F 2 have an edge in common). Hence H has at least 2k + 1 bad vertices which are either consecutive vertices of the form u n , u n+1 , . . . , u n+2k−1 or are separated into 2 sets of consecutive vertices by V (F 1 ) ∪ V (F 2 ). In any case, we can find at least k + 1 consecutive bad vertices. Since we can relabel the vertices if necessary, we may assume without loss of generality that these vertices are u 0 , u 1 , . . . , u k , and that
. . , v 3k . When these degree-2 vertices are suppressed, the resulting graph is isomorphic to Q 3 (k) with v k u k+1 u k+2 . . . u 4k−1 v k playing role of the 3k-cycle in Q 3 (k).
Recall that µ(Q 3 (k)) = (k + 3)/2. The preceding arguments imply that
which is a contradiction. Hence µ (P (4k, k) 
